Conventionally, factorized scattering in two dimensions is argued to be a consequence of the conservation of local higher charges. However, integrability may well be realized via nonlocal charges, while higher local charges are not known. Here we address the question of whether a nonlocal Yangian symmetry implies factorized scattering of the Smatrix. We explicitly study the constraints on three-particle scattering processes of particles transforming in the fundamental representations of su(N ), u(1|1), and the centrally extended su(2|2) underlying the dynamic scattering and hexagon form factors in AdS/CFT. These considerations shed light on the role of the Yangian as an axiomatic input for the bootstrap program for integrable theories.
Introduction
The most intuitive definition of integrability relies on the existence of a tower of local conserved charges which outnumber the degrees of freedom of a physical model or process. It is well known that higher local 1 symmetries imply that the scattering matrix is trivial in d > 2 spacetime dimensions. This is the contents of the Coleman-Mandula theorem. Moreover, for field theories in d = 2 dimensions, higher local charges imply factorized scattering [1] [2] [3] [4] . In fact, in many cases two local charges with different Lorentz spin are sufficient for factorization [4] . These observations generalize to other integrable models with a notion of scattering, like spin chains.
On the other hand, the same factorization arguments do not apply to nonlocal charges (e.g. Yangian symmetry [5, 6] ), which furnish the mathematical underpinnings of many integrable models (e.g. the XXX spin chain, the Gross-Neveu model or the AdS/CFT duality). While nonlocal symmetries often coexist with higher local charges (see e.g. [7] ), it is generically not clear whether nonlocal charges imply the existence of local charges. Note for instance that only for certain models local and nonlocal charges can be constructed from the same monodromy matrix, cf. [8] .
In fact, in d > 2 there are examples of scattering amplitudes which are invariant under nonlocal charges, while a local formulation of this symmetry is not known: In d = 4, the Smatrix of N = 4 SYM theory (at least at tree level) [9] as well as the S-matrix of the recently found fishnet theories [10] are Yangian invariant. In d = 3 the tree-level scattering in N = 6 superconformal Chern-Simons (alias ABJM) theory provides a valid case [11] . 2 This yields a natural question: What are the implications of nonlocal symmetries on scattering processes in physical models?
In this paper we address this question for the case of d = 2 spacetime dimensions, cf. Table 1 . For explicitness, we restrict here to the case of nonlocal Yangian charges, i.e. to integrable models of rational type, and investigate their impact on the 3 → 3 particle Smatrix. It is well known that Yangian symmetry implies that the two-particle scattering matrix obeys the quantum Yang-Baxter equation (qYBE) [12] . The three-particle S-matrix generically splits into a factorized part and an honest three-particle interaction R 3→3 , cf. e.g. [2] : 3 jk
In this notation, the question of whether Yangian symmetry implies factorized scattering turns into the question of whether R 3→3 = 0. Note that we will generically not assume that the sets of incoming and outgoing momenta or the corresponding rapidities are identical. If we would do so, we could potentially use this property to define a set of local conserved charges Q k via their eigenvalue on one-particle states, schematically:
Here p ∼ p 1 denotes the spatial momentum. The assumption of locality corresponds to a trivial tensor product action on multi-particle states and the conservation of individual momenta implies that the Q k are symmetries of the S-matrix. Such a definition at hand, we could proceed with the standard arguments for factorized scattering following from local conserved charges. The essential point in these arguments is the observation that higher local charges Q k with k > 1 allow us to shift particle trajectories by a momentum (i.e. slope) dependent amount such that multi-particle interactions can be decomposed into two-particle scattering processes, see e.g. [13] :
Here the equality sign reflects the quantum Yang-Baxter equation that imposes consistency constraints on the two-particle scattering matrix. While the definition of higher local charges à la (1.2) requires further mathematical rigor, we will not discuss this approach in more detail here since our focus lies on the study of nonlocal symmetries. Interestingly, however, the special dynamic representations discussed below imply the conservation of a function f (u, g) that depends on the rapidities and a free parameter g (the coupling constant). Expanding these conserved functions in the parameter g, one can argue that the set of rapidities is indeed conserved.
In considering the 3 → 3 scattering matrix from the start, we assume that the number of particles is conserved in a given scattering process. For a formal proof of the absence of particle production using nonlocal symmetries in the context of the nonlinear sigma model, see Lüscher's paper [14] . 3 It is reasonable to assume that in a theory with non-vanishing two-particle S-matrix, a factorized solution for the three-particle scattering exists, cf. (1.1). However, a priori it is not obvious that the factorized solution is compatible with the nonlocal symmetries. The paper [14] also contains a discussion of this compatibility question for the nonlinear sigma model; a proof of factorized scattering based on nonlocal symmetries is not given there.
In the following we will be interested in physical models with nonlocal symmetry algebras realized on asymptotic states. We assume that a representation J of the symmetry generators on asymptotic states exists, such that schematically [J, S] = 0.
(1.4)
In particular, the above constraint equations will be specified to the case of the Yangian algebra and we will study the solutions S 3→3 of these equations. In doing so, we assume that the quantum space of asymptotic states is completely characterized by the Yangian, i.e. that all scattering states are labeled by the Lie algebra or Yangian quantum numbers. While an interesting question on its own, one particular motivation for studying the implications of Yangian symmetry comes from the planar AdS/CFT correspondence. In this context integrable structures play a crucial role for the determination of involved observables and inspire the development of more and more refined tools [17] . The exact two-particle S-matrix of AdS/CFT can be written as a product of two two-particle S-matrices, each invariant under a centrally extended su(2|2) algebra in a so-called dynamic representation [18] . Moreover, the latter S-matrix is equivalent to Shastry's R-matrix [19] for the Hubbard model [20, 21] . While the importance of factorization of the higher-point S-matrix in AdS/CFT has been discussed and checked in various contexts (see e.g. [22, 23] ), to our knowledge the relation of this fact to the underlying Yangian algebra has not been studied. It was shown, however, that the su(2|2) symmetric two-particle S-matrix is Yangian invariant [24] (see also [25] ). This implies that it obeys the quantum Yang-Baxter equation and thus furnishes a building block that is consistent with factorization. Interestingly, the special dynamic representation of the Lie algebra symmetry su(2|2) allows to completely fix the two-particle S-matrix up to an overall factor. For the bound-state S-matrix of [26] , the full Yangian symmetry is required to fix all coefficients [27] .
More recently, a bootstrap approach was suggested which is based on the idea to compose correlation functions using so-called hexagon form factors that obey certain axioms, see [28] for a recent pedagogical introduction. Also within this hexagon approach the exact two-particle S-matrix of AdS/CFT features prominently. In particular, it is conjectured that the hexagon amplitude essentially factorizes into the above su(2|2)-invariant two-particle S-matrices [29] . As suggested in that paper, it would be desirable to replace this assumption by the Yangian symmetry as an axiomatic input to the boostrap program. 4 This emphasizes the interest in understanding the connection between Yangian symmetry and factorized scattering, in particular for the case of the special dynamic representations important in the AdS/CFT correspondence.
In the following, we introduce the Yangian and its relation to the S-matrix and give a brief overview of our results in Section 2 and Section 3, respectively. In Section 4 we implement the Yangian constraints on the two-and three-particle S-matrices in Mathematica and study their solutions for the following three concrete examples:
The fundamental representation of su(N ):
This representation of the Yangian plays a role in various different contexts, e.g. for the Heisenberg spin chain or the chiral Gross-Neveu model. Moreover, this case serves as a warm-up exercise for the more involved dynamical representations of AdS/CFT and to introduce our methodology.
The fundamental representation of u(1|1) (undynamic and dynamic):
Adding supersymmetry to the above problem, we consider the dynamic representations of [30] which are relevant to the scattering in the su(2|1) sector of N = 4 SYM theory. While the dynamic property of a rapidity-dependent action of the symmetry generators is implemented, some of the complications of the full AdS/CFT scattering problem (e.g. braiding factors) are still projected out in this case. We also discuss the Yangian constraints in the undynamic limit which represents the scattering in conventional spin chain models.
3. The fundamental representation of su(2|2)( R 2 ) (undynamic and dynamic):
Finally, we consider the full symmetry algebra underlying the scattering in AdS/CFT. The new feature of its dynamic representation is given by non-trivial braiding factors that render the action of the Lie algebra generators (the level 0 of the Yangian) nonlocal. Again we consider the full dynamic representation, as well as its undynamic limit that plays a role in the condensed matter literature.
Nonlocal Yangian Symmetry and the S-matrix
In this section we introduce the Yangian algebra underlying the subsequent analysis of symmetry constraints on the S-matrix. Moreover, we establish the role of the so-called dynamic representations relevant in the context of the AdS/CFT duality and their relation to Hopf algebra twists of the Yangian.
S-Matrices in Two Dimensions
It is a special feature of theories in (1+1) dimensions that we may order particles with respect to their rapidities. We use this feature to define incoming and outgoing states in a scattering
process. An incoming state of an n-particle scattering process is an asymptotic state denoted by
where the particle of type a 1 moves behind the particle of type a 2 etc. The corresponding rapidities are ordered such that all particles participate in the scattering process. Similarly, our notion for an outgoing state of an n-particle scattering process is given by
2)
such that the particle labeled by 1 moves behind particle 2 etc., but the rapidities are now in the reverse order. Thus no scattering is possible for this configuration. Following the usual convention, the S-matrix is the operator that maps an m-particle outgoing state to an n-particle incoming state according to
A priori, the S-matrix may depend on all the rapidities u i and v i of both states, and the sets of incoming and outgoing rapidities need not be equal. We denote the single-particle Hilbert spaces of rapidity u by V u , 5 such that the S-matrix acts as
with incoming rapidities u 1 > u 2 > ... > u n and outgoing rapidities v 1 < v 2 < ... < v m . Take as an example a free theory, i.e. the particles do not interact at all and they may only overtake each other. In this case, the S-matrix simply permutes the one-particle Hilbert spaces and acts on a two-particle state as S|a 2 , u 2 ; a 1 , u 1 out ∼ |a 1 , u 1 ; a 2 , u 2 in . We call an S-matrix that maps as (2.4) with n ≡ m an n-particle S-matrix.
Integrability. An integrable theory in two dimensions with a notion of scattering is characterized by the fact that the two-particle S-matrix obeys the quantum Yang-Baxter equation:
Here the indices on S denote the single-particle Hilbert spaces it non-trivially acts on. Moreover, there is no particle creation or annihilation and the individual momenta or rapidities are conserved. Finally, higher-point scattering matrices factorize into two-particle S-matrices, in particular the three-particle S-matrix obeys
Throughout this paper we will assume that the number of scattered particles is preserved by the S-matrix. This absence of particle production is a generic feature of integrable theories and (at least in certain models) has been argued to follow from the existence of quantum nonlocal charges [14] . Note that the dynamic representations discussed below imply the conservation of a function f (u, g), whose expansion in the parameter g allows to deduce the conservation of rapidities and the absence of particle production, see Section 2.4.
The Yangian Algebra
The infinite dimensional Yangian algebra Y [g] is generated by two sets of generators J a and J a . The first set contains the so-called level-0 generators J a of a Lie algebra g with structure constants f ab c and a = 1, ..., dim(g). The second set of so-called level-1 generators J a contains the same number of elements and obeys similar commutation relations as the Lie algebra generators:
All higher levels are successively generated by commuting the generators of the previous levels. Thus, although the Yangian is an infinite-dimensional algebra, it is spanned by a finite set of operators -the level-0 and level-1 generators. This construction does not work for arbitrary Lie algebra representations, but depends on whether the additional Serre-relations underlying the definition of the Yangian are satisfied:
Here we have abbreviated
The Yangian is defined as the algebra with = 1 but it is illustrative to explicitly display the quantum parameter of this quantum group.
Coproduct Structure. The Yangian is a Hopf algebra with a coproduct structure. Given a representation of J a and J a acting on a one-particle state, the action on an n-particle state is determined by the coproduct ∆ given by
Note that the level-1 coproduct in (2.10) is sensitive to a rescaling of the generators, which allows to set = 1. The coproduct structure reveals that the Yangian is an algebra of nonlocal charges: While the coproduct of the level-0 generators acts locally on a single space (excitation), the level-1 generators act nonlocally on two spaces simultaneously.
Evaluation Representation. In the context of scattering processes, the Yangian typically enters via its evaluation representation ρ u . The evaluation representation is obtained by lifting a representation ρ of the underlying Lie algebra to a representation of the full Yangian algebra by setting
Here the evaluation parameter u is proportional to the rapidity variable of the model and we do not distinguish between those quantities in the following. The role of the rapidity can be understood by noting that the Yangian has an external automorphism B u which is usually realized by the Lorentz boost in two-dimensional Yangian symmetric field theories, cf. e.g. [6] :
In order to furnish a representation of the Yangian algebra, the representation ρ u has to satisfy the Serre-relations (2.8) which constrains the underlying Lie algebra representation ρ. The action of the Yangian evaluation representation on multi-particle states follows from the coproduct (2.10) according to
Here ρ ⊗n u and ρ ⊗n denote the representations on a tensor product of length n. In the following we will generically not distinguish between the symbols for the abstract algebra element J and its representation ρ(J).
Dynamic Representations and Braiding
A Lie algebra symmetry is typically realized on a one-particle excitation with rapidity u according to 14) where A enumerates the generators. Here a 1 , a 2 denote the type of excitations and j A represents some generator-dependent function. Conventionally j A is constant, i.e. independent of the rapidity u, and J A has a trivial (local) tensor product action on multi-particle states:
We will refer to this type of symmetry representation as undynamic.
In the context of the AdS/CFT correspondence, so-called dynamic representations play an important role. These are representations with j A = j A (u) and typically a nonlocal coproduct for level-0 generators with a so-called braiding factor U:
The presence of a non-trivial braiding implies that even the level-0 symmetry acts nonlocally. Also the Yangian level-1 generators inherit a braiding according to (see e.g. [24] ):
Length Changing and Braiding. Dynamic representations can be alternatively considered as either length-changing Lie algebra representations or as Hopf algebra representations containing an additional generator (the above braiding factor), which renders the coproduct of Lie algebra generators nonlocal and the single-particle action rapidity dependent [18, 31] .
Consider for instance some excitation Φ with momentum p over an infinite spin chain vacuum composed of scalar fields Z:
Let the action of the supersymmetry generatorQ on a fermionic excitation (i.e. Φ = ψ) be given byQ 19) where φ denotes a bosonic field. The generatorQ is length changing since it inserts a scalar vacuum field (a marker) Z in front of the excitation. If we look at asymptotic states defined on an infinite spin chain, the marker has no effect on one-particle states of the form (2.18) with |Zφ p |φ p . This is different once we consider the action on multi-particle states, e.g.
Moving the marker past the excitation to the very left corresponds to an index shift and thus to a relative phase e ip 1 between the two summands in (2.20) . We may thus get rid of the notion of length changing and instead define a non-trivial braided coproduct Here the untilded operator Q is defined without the length-changing effect as opposed to (2.19) :
The new generator U [Q] implies that Lie algebra generators acquire a nonlocal coproduct. In the case of the fundamental representation of su(2|2) considered in Section 4.3, introducing this generator furthermore requires to centrally extend the algebra to su(2|2) R 2 .
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Hopf Algebras and Scattering Matrices. A Hopf algebra a with coproduct ∆ and with a universal R-matrix R is called quasi-triangular if we have
as well as co-commutativity:
Here the opposite coproduct ∆ op = P∆P is defined as the coproduct ∆ with flipped tensor factors. The above relations imply that R obeys the quantum Yang-Baxter equation. The universal R-matrix R represents a formal expression for the above intertwiner in terms of 7 See [32] for an interpretation of the braiding factor in terms of the RTT-realization of the Yangian. the (infinitely many) algebra generators that upon choosing a representation ρ turns into the two-particle S-matrix via S = Pρ ⊗ ρ(R), (2.26) with P the permutation operator swapping the tensor factors. The Yangian is not quasitriangular. Still the Yangian obeys relations similar to (2.25):
(2.27) These imply that on the level of representations, the Yangian has quasi-triangular properties.
Here B u denotes the boost automorphism (2.12). According to a theorem by Drinfeld [12] there is a unique rational series R(u)
that obeys the relations (2.24,2.27) and whose expansion is given in terms of the Yangian generators as:
This pseudo-universal R-matrix obeys the quantum Yang-Baxter equation. Hence, choosing a representation ρ yields via (2.26) an associated two-particle S-matrix that induces a consistent factorized solution for three-particle scattering. Note that in principle a prescription exists to construct the pseudo-universal R-matrix using the so-called Yangian double, cf. [33, 34] . A universal R-matrix which reproduces the AdS/CFT S-matrix when evaluated on the fundamental representation, however, is not known, see e.g. [35] for related comments.
Braiding and Twist. The introduction of braiding factors U can formally be considered as a Reshetikhin twist defined in [36] . This twisting implies that even the level-zero symmetry generators are nonlocal. A Reshetikhin twist is a modification of a quasitriangular Hopf algebra via some twist operator F , which obeys the quantum Yang-Baxter equation
as well as a unitarity relation F 12 F 21 = 1, and the axioms
Then the twisted Hopf algebra is also quasitriangular with coproduct and universal R-matrix given by
As noted in [37] , the above braiding factors U e ip can be obtained by a formal twist generating the dynamic representation of su(2|2) (the symmetry of the AdS/CFT S-matrix):
Here we define the coproduct of the formal momentum generator as ∆p = p ⊗ 1 + 1 ⊗ p and A is one of three outer automorphisms of the triple centrally extended algebra psu(2|2) that together generate an sl(2) algebra, i.e. one considers sl(2) psu(2|2) R 3 .
Formal Arguments for Special Algebras
Dynamic representations may imply a straightforward argument for the conservation of rapidities and the absence of particle production. If the algebra contains a function f (u, g) of the rapidities (e.g. the energy) which is an infinite series in a free parameter (e.g. the coupling constant g), its conservation can be turned into a formal argument for the conservation of the particle number and the sets of rapidities via expansion of the conservation law in this free parameter as follows.
Assume that the function f (u, g) admits an expansion in g of the form
The set {l 1 , l 2 , ...} is the set of exponents in the expansion with non-vanishing coefficient f l (u) with l ∈ {l 1 , l 2 , ...}. We also assume that the respective charge has a local conservation law (local coproduct). For an n → m scattering process with different sets of rapidities {u 1 , u 2 , ..., u n } and {v 1 , v 2 , ..., v m } for the incoming and outgoing state, respectively, this translates into
The expansion in (2.33) yields
If more than max(n, m) of these equations scale differently in the rapidities, this allows to conclude that there is no particle creation or annihilation, i.e. n = m =: n, and that the set of rapidities are conserved, i.e.
This line of thought resembles the case of local conserved charges sketched in Section 1.
It is conceivable that assuming a concrete functional dependence u k = u(p k ) of the rapidities on the momenta, this argument can also be used to define local conserved charges in the sense of (1.2), which could then in turn be used to argue for factorization. Here we will not attempt to formalize this factorization argument but we will use the above ideas to argue for the conservation of the set of rapitidies in the case of dynamic representations considered below. In particular, conserved functions f (u, g) exist in the case of the dynamic representation of su(2|2) relevant to the AdS/CFT duality, where the role of f is taken by the three central charge eigenvalues, which are a series in the theory's coupling constant g.
Constraint Relations and Summary of Results
Yangian symmetry has important implications on the S-matrix which relates multi-particle states in the in-and out-state basis. The conservation of the Yangian charges in a scattering process constrains the n-particle S-matrix according to
The coproduct entering the constraint equations (3.1,3.2) is specified in (2.10). Higher levels of Yangian generators do not impose further constraints on the S-matrix. We will investigate these constraints and their implications on S-matrices for the fundamental representations ρ of the three different Yangian algebras
in detail in the following sections. Doing so we focus on two and three-particle S-matrices. In particular, we wish to clarify the question of whether the Yangian symmetry implies that the three-particle S-matrix necessarily factorizes into two-particle S-matrices. Explicit expressions of the coproducts for the different algebras can be found in Section 4.
Two-Particle S-Matrix and Difference Form
The above Yangian constraints imply that an invariant two-particle S-matrix obeys the qYBE (2.5). Moreover, for the case of an (untwisted) Yangian algebra, the symmetry-invariant twoparticle S-matrix typically only depends on the difference of rapidity parameters. 9 In fact, this feature directly follows from the Yangian constraint equations for the S-matrix (3.1,3.2), cf. e.g. [38, 24] . The level-1 constraint (3.1) for an arbitrary level-0 generator J and a corresponding level-1 generator J is given by
Here J ⊗ J shall represent the bilocal term of the coproduct (2.10). This constraint can be rearranged using the level-0 constraint (3.1), i.e. [J 1 + J 2 , S 12 ] = 0, into the form
where u ij := u i − u j . Hence, for unequal sets of incoming and outgoing rapidities {u i } = {v i }, the two-particle S-matrix depends only on three independent rapidity parameters. For the case of equal sets of incoming and outgoing rapidities, i.e. for {u i } = {v i }, the above relation (3.4) simplifies to
Thus the rapidity-dependence of the two-particle S-matrix is governed by an equation that contains only the rapidity difference, which implies (up to an overall factor) the difference form of the S-matrix:
This observation can be attributed to the external boost automorphism of the Yangian as defined in (2.12), i.e. Lorentz boost symmetry is tightly connected to conventional Yangian invariance. Note however that the above arguments do not apply to the braided coproducts (2.16,2.17) which underlie the scattering in AdS/CFT. Hence, the S-matrix of AdS/CFT is not of difference form [18] . We give explicit examples in Section 4.
Three-Particle S-Matrix and Factorized Scattering
In general, a three-particle S-matrix is of the form (1.1). As discussed above, we check here whether Yangian symmetry implies the absence of an honest three-particle interaction R 3→3 . This is equivalent to the three-particle S-matrix factorizing as in (2.6) and the two-particle Table 2 : Results of the analysis of Yangian constraints corresponding to the fundamental representation of the Lie algebras su(N ), u(1|1) and su(2|2) R 2 S-matrix satisfying the qYBE (2.5). Our considerations are grounded on the explicit implementation of the Yangian constraints (3.1,3.2) for the three-particle S-matrix with all scattered particles transforming in one of the symmetry representations summarized in the introductory Section 1. In the following we summarize the results of our explicit implementation of Yangian constraints and their analysis in Mathematica. We give a more detailed discussion of this analysis in the following Section 4.
Results of Computer Implementation. We display the key results of our implementation in Table 2 . First of all we examined the Yangian constraints on S-matrices to check whether they imply that the sets of rapidities are conserved in two-and three-particle scattering processes, cf. the columns labeled by {u i } ?
= {v i } in Table 2 . As expected, in all cases conservation of the set of rapidities solves the constraint equations (with further constraints on the S-matrix discussed in the following). In those cases that are not marked by a star, we were able to show without further complications that this solution is also the unique solution to the Yangian constraints. Note that in addition to the level-0 constraints, we also require the level-1 constraints to deduce that the set of rapidities is conserved. In the cases marked by stars our implementation could not solve the involved constraint equations for generic algebra parameters/functions and different sets of incoming and outgoing rapidities. These complications were circumvented by further specifications: Here we exploit the conservation of the rapidity dependent eigenvalue of a dynamic level-0 generator in the spirit of Section 2.4. Expanding the eigenvalue function in a free (coupling) parameter of the model allows us to conclude that the set of rapidities is conserved, without considering the level-1 constraints. In the specific dynamic model of N = 4 SYM theory, the respective eigenvalue functions have indeed the necessary form for this argument.
restricting to exemplary sets of numerical values for the level-0 eigenvalues: Here we facilitated the solution of the constraint equations by setting the eigenvalues of the level-0 generators to numerical values.
In addition to constraints on the rapidities, the Yangian imposes constraints on the form of the S-matrix. For the analysis of the latter, we now assumed that the set of rapidities is conserved.
In all considered cases, the Yangian constraints then fix the two-and three-particle S-matrices uniquely up to an overall factor, where in the cases marked by we solved the constraint equations using generic sets of numerical values for the rapidities and coupling constant.
Note that in Table 2 we specify the number of degrees of freedom (dof) of the S-matrix after applying the level-0 (labeled by "S from level 0") and both level-0 and level-1 Yangian constraints (labeled by "S from level 1"). 10 In all considered cases the S-matrix was uniquely determined by the Yangian constraints up to a single degree of freedom, i.e. the overall factor of the S-matrix. Finally, we checked whether the resulting S-matrices are consistent with factorized scattering which we did by verifying (2.5,2.6). These equations were satisfied in all discussed cases. Again in all cases marked by , we did this analysis by using exemplary numerical values for the rapidities and coupling constant. We specify the references to related results in the literature in the explicit discussion of our analysis in Section 4.
Explicit Implementation of Yangian Constraints
In this section we outline the concrete analysis of the Yangian constraints 3.1 and 3.2 on
whose results we already presented in Table 2 . Doing so, we elaborate on the algebras and the representations we considered, their coproduct structure and further ingredients that were necessary in this analysis.
Let us briefly motivate the choice of considered algebras. A good starting point for the concrete evaluation of the constraint equations (3.1) and (3.2) is the Yangian Y [su(N )]. At level 0 it only contains a single type of generator and its fundamental representation can be implemented straight-forwardly into Mathematica which we used to analyze the constraint equations. We outline the main steps of the analysis in Section 4.1. Then in Section 4.2 we move on to the Yangian corresponding to the Lie superalgebra u(1|1). It contains both commuting and anti-commuting generators, but only a single boson and a single fermion in its fundamental representation. Thus it is a good intermediate step before the investigation of su(2|2) and its central extension. Finally, in Section 4.3 we look at the Yangian constraints of the latter algebra which is particularly relevant in the context of the AdS/CFT correspondence because it appears as the symmetry algebra of the S-matrix of the psu(2, 2|4) spin chain of N = 4 SYM theory.
Note that we discuss the Yangian constraints to both Lie superalgebras in an undynamic and a dynamic setup as introduced in Section 2.3. While the S-matrices obtained from the dynamic representations are interesting in the context of the AdS/CFT correspondence, the undynamic cases are relevant for conventional condensed matter spin chains.
Furthermore note that for all Yangian algebras and their representations studied here we assume that the Serre relations (2.8) are satisfied and concentrate our studies on the analysis of the Yangian constraints (3.1) and (3.2). For simplicity we remove the -dependence appearing in front of the nonlocal part in the Yangian coproduct by rescaling the generators.
We restrict the analysis of the Yangian constraints to the two-and three-particle scattering case with no particle creation or annihilation. Thus we do not check here whether the Yangian algebra implies the absence of particle creation or annihilation; Lüscher showed that the nonlocal charges of the non-linear sigma model imply the absence of particle production [14] . Another important feature of integrable theories in (1+1) dimensions is that the sets of incoming and outgoing rapidities in scattering processes are equal. Nevertheless, we do not postulate this feature here but check whether Yangian symmetry yields it automatically. Thus we look at the elements of the S-matrix that map the tensor product of n one-particle Hilbert spaces V u labeled by the rapidity u of the particle via
Here {v 1 , v 2 , ..., v n } denotes the set of rapidities of the outgoing and {u 1 , u 2 , ..., u n } the set of rapidities of the incoming particles in a scattering event. The rapidities shall be ordered as
.. > u n as before.
Yangian Constraints for su(N )
As a first exercise we consider the Yangian constraints in the evaluation representation for the fundamental representation of su(N ). Note that the two-particle S-matrix for the fundamental representation of su(N ) can also be obtained from the known universal R-matrix [34] and satisfies the qYBE (2.5) automatically, cf. the discussion in Section 2.3. . In the evaluation representation they act as defined in (2.11) which requires to fix the Lie algebra representation. As mentioned before we choose the fundamental representation of su(N ) which consists of N bosons φ a , a = 1, ..., N . The evaluation representation requires us to further label each state by its evaluation parameter u and thus we denote a one-particle state by |φ a , u . These states shall form an orthonormal set, i.e. φ a , u|φ
Y [su(N )] in the Evaluation
11 Then the Yangian level-0 and -1 generators act in Dirac notation as
Y [su(N )]-Constraints on the S-Matrix. In order to make the constraint equations (3.1) and (3.2) on S explicit, one needs the coproduct structures of the Yangian generators. They are given by
These equations generalize to higher order coproducts via (2.10). The explicit constraint equations for the Y [su(N )]-invariant n-particle S-matrix S 12...n then take the form level 0:
in the evaluation representation (4.3). Again the u i represent the rapidities of the incoming and the v i those of the outgoing particles. In the following we discuss the results of our implementation of the above constraints for n = 2, 3 in Mathematica.
Two-Particle S-Matrix. The (level-0) Lie algebra symmetry, here given by the fundamental representation of su(N ), constrains the invariants to all possible permutations acting on the tensor factors. Let us introduce a diagrammatic way to represent the action of the two-particle invariant I 12 using permutation diagrams of the form
Here the two dots at the bottom of each diagram represent the particles before the action of the operator, i.e. in case of the S-matrix corresponding to the outgoing state with rapidities v 1 < v 2 . The state after the action of the operator is represented by the top dots which are associated to the incoming state with rapidities u 1 > u 2 for the S-matrix. The level-0 constraints do not restrict the momenta of the particles which is why at this point the sets of rapidities {u 1 , u 2 } and {v 1 , v 2 } are allowed to be different. 12 The lines represent the action of the corresponding permutation operators and connect particles of the same type. Thus, the first diagram represents a scattering event where the faster particle passes through the slower one, while the second diagram corresponds to a reflection. Accordingly, A 12 is the transmission coefficient and B 12 the reflection coefficient of this scattering event.
Evaluating the level-1 constraints (4.6) explicitly yields two solutions for the coefficients and rapidities of the ansatz (4.7). The first one fixes the coefficients and the outgoing rapidities as
is an undetermined function depending on the free rapidities. This solution is not compatible with the condition u 1 > u 2 and v 1 < v 2 for scattering events. Indeed, it does not account for the scattering of particles, but rather corresponds to an operator proportional to the identity:
(4.9) 12 In principle these rapidities are constrained by momentum conservation. Nevertheless, we do not impose this conservation law here since the relation p = p(u) between the momentum p and rapidity u is modeldependent. In this analysis we only impose Yangian symmetry.
The second solution fixes the outgoing rapidities v 1,2 and relates the coefficients A 12 and B 12 via
where S 0 12 is an undetermined overall factor that may depend on the free rapidities. This solution describes the nontrivial scattering of two particles as the rapidities in the final state are exchanged. In terms of the permutation diagrams this result for the two-particle S-matrix S 12 can be illustrated as
and maps as S 12 :
Thus the Yangian constraint relates the coefficients A 12 and B 12 in (4.7) via a factor depending on the difference of the particles' rapidities but, expectedly, does not fix the overall factor. The set of rapidities comes out to be conserved and we do not need to impose momentum conservation on top of the Yangian constraints. Furthermore, up to the rapidity-dependence of the overall factor, the S-matrix only depends on the rapidity differences of the incoming particles. Note that the result is independent of the rank of su(N ).
Three-Particle S-matrix.
Again it is useful to employ permutation symbols to parametrize the Yangian invariant. The most generic su(N ) (i.e. level-0) invariant operator of length 3 can then be written as the linear combination
with coefficients A 123 , ..., F 123 which may be rapidity dependent. For N = 2 only five of these six diagrams are linearly independent. Imposing the level-1 constraints fixes all coefficients up to an overall factor and yields the S-matrix S 123 for three-particle scattering
Note that the constraint equations allow for five more solutions which are incompatible with the condition u 1 > u 2 > u 3 and v 1 < v 2 < v 3 for three-particle scattering.
The explicit form (4.11,4.13) of the two-and three-particle S-matrices at hand, we have checked consistent factorization by verifying the equalities (2.6) and the qYBE (2.5). This shows that the unique Yangian-invariant three-particle S-matrix is indeed given by the factorized form.
To summarize, Yangian invariance completely fixes the two-and three-particle scattering matrices up to an overall factor. Generically, the overall scattering phase can be determined by imposing additional unitarity and crossing relations, see e.g. [39] . Notably, Yangian symmetry restricts the set of outgoing momenta to be the same as the set of incoming momenta, i.e.
This is a substantial feature of scattering processes in integrable (1+1)-dimensional models which automatically follows from the Yangian constraints here. Moreover, the S-matrices only depend on differences u ij of the rapidities as expected from the discussion in Section 3.1. The three-particle S-matrix factorizes consistently into two-particle S-matrices.
Yangian Constraints for u(1|1)
We now move on to the analysis of the Yangian constraints in the evaluation representation for the fundamental representation of Lie superalgebras. As a first step towards the algebra su(2|2) we consider u(1|1). The remaining Lie brackets vanish. The fundamental representation of this algebra consists of one bosonic state |φ and one fermionic state |ψ . The generators of u(1|1) act on these single-particle states as 
Y [u(1|1)] in the Evaluation
with Φ ∈ {φ, ψ}, evaluation parameter u and coupling constant g. We consider this evaluation representation of Y [u(1|1)] both in the conventional undynamic setup and the more exotic dynamic setup in the sense discussed in Section 2.3. For the undynamic case the eigenvalues of the symmetry generators are constant, i.e. b, c and q are rapidity-independent and there will be no braiding factor in the coproduct of the Yangian generators. In the dynamic case the coefficients in (4.16) become functions of the rapidity, i.e. c = c(u), b = b(u), q = q(u). These functions are model-dependent and we do not fix their explicit form. Writing down the representation of an n-particle asymptotic state in the dynamic representation, we label each one-particle representation by these unrestricted functions (4.18) in order to make this dependence more apparent in our notation. Again the S-matrix is a map between these states.
Y [u(1|1)]-Constraints on the S-Matrix.
In order to explicitly evaluate the level-0 constraint of the two-and three-particle S-matrix, we give the coproduct structure of Y [u(1|1)] for the level-0 generators 19) and level-1 generators
In these formulae we took into account the fermionic nature of the generators Q and S and their level-1 versions. It results in factors (−1) F whenever they pass through a particle. For bosonic particles we take F = 0 and for fermionic particles F = 1, i.e.
(−1)
F |φ = +|φ , (−1)
For the action on states including more particles this coproduct structure can be easily generalized. Note that the coproduct structure of both the undynamic and the dynamic case do not contain a braiding factor.
Two-Particle Undynamic S-Matrix.
We will now present the results of the analysis of the constraints on two-particle S-matrices (3.1) and (3.2) using (4.19) and (4.20) in the undynamic setup. In order to do so, we make an ansatz for the S-matrix by writing down a linear combination of all possible maps between asymptotic states of the form (4.1) with n = 2, i.e.
The level-0 constraint arising from the generator B implies that this gets reduced to denotes an unknown overall constant that has to be determined via unitarity and crossing relations. Up to the rapidity dependence of the overall factor, this two-particle Smatrix only depends on the difference of the two incoming rapidities as expected from the arguments above (3.6). Furthermore this solution satisfies the quantum Yang-Baxter equation (2.5).
Three-Particle Undynamic S-Matrix. We now move on to a similar analysis of the Y [u(1|1)] constraints for the three-particle case. The S-matrix is the map
(4.26)
Again the level-0 constraint associated to B implies that S 123 only permutes bosons and fermions and thus is a linear combination of 20 terms with unknown coefficients. The number of degrees of freedom gets reduced to 6 by imposing the remaining level-0 constraints. The level-1 constraints then impose constraints on the remaining six coefficients of the S-matrix and the incoming rapidities v i . Looking for all of the solutions is rather complicated even in Mathematica because the set of equations contains very long expressions. Therefore we only solved it for the cases in which the representation coefficients take the exemplary values c = q = 1 with b = 0, 1, 2. Restricting to these cases we find that the outgoing rapidities have to satisfy
One can show that (4.27) solves the constraint equations for general c, q and b. In this case the level-1 constraint can also be used to fix the S-matrix up to an overall factor. It factorizes consistently into three two-particle S-matrices from above via (2.6).
Two-Particle Dynamic S-Matrix.
The dynamic two-to-two-particle S-matrix maps between asymptotic states of the form (4.18) with n = 2, i.e.
Writing down the most general ansatz of this form and constraining it via demanding its invariance under B implies that it takes the form (4.23) as in the undynamic case. Again its coefficients and the rapidities get further constrained by the remaining level-0 and -1 constraints. We verified that these are solved by conserved sets of rapidities (4.24) with further restrictions on the S-matrix. It is convenient to express the constraints in terms of the variables x ± i related to the rapidities u i and central charge eigenvalue c via [30] 
For the su(1|2) sector of the N = 4 SYM spin chain these parameters x ± are related to the magnon momenta p by (4.30) and to the model's coupling constant g by
Assuming that the central charge eigenvalue is a function of a free parameter g, i.e. c(u) = c(u, g), we can employ the arguments of Section 2.4 to justify the conservation of the set of rapidities. Note that specifying the considered dynamic model to the case of the su(2|1) sector of N = 4 SYM theory, the function c(u, g) takes the form (4.29) with x = x(u) given by [40] x(u) = u 2g
Expanding in g, the respective conservation equation for the central charge yields that the set of rapidities is conserved modulo signs. We restrict to the signs being +1, which follows from the additional constraint of momentum conservation i p(
The remaining Yangian constraints fix the six coefficients in (4.23) up to an overall factor. In these coordinates we find the S-matrix coefficients in (4.23) to be given by
is again the unknown overall constant. The above solution represents the well-known twoparticle S-matrix of the su(1|2) sector, cf. [30] . It satisfies the quantum Yang-Baxter equation (2.5) . For c, b, q = const. it simplifies to the undynamic two-particle S-matrix given in (4.25) via
Three-Particle Dynamic S-Matrix. We conclude the analysis of the Y [u(1|1)] constraints by looking at the three-particle dynamic S-matrix which maps as
The level-0 constraint associated to B implies as in the undynamic case that S 123 is a linear combination with 20 unknown coefficients. For generic functions c(u), b(u) and q(u) and different sets of incoming and outgoing rapidities, the remaining Yangian constraint equations were not tractable in Mathematica. However, we verified that the remaining constraints are solved by conserved sets of rapidities (4.27) and a corresponding factorized S-matrix of the form (4.25,4.33). Moreover, by the same arguments as in the previous section we can use the conservation of c(u) = c(u, g) to justify the conservation of the set of rapidities. Then, given a conserved set of rapidities and keeping the functions c(u), b(u) and q(u) generic, we find that Yangian invariance leads to a unique factorized S-matrix that is fixed up to an overall factor.
Let us summarize the results of this subsection. The Yangian constraints on S-matrices (together with the relation (4.31) for the dynamic case) impose that the sets of rapidities in two-and three-particle scattering events are conserved. The two-and three-particle undynamic and dynamic Y [u(1|1)]-invariant S-matrix is uniquely determined up to the overall dressing factor. The three-particle S-matrices factorize consistently into three two-particle S-matrices. As expected by the discussion in Section 3.1, the resulting undynamic S-matrices are of difference form, while the dynamic ones are not.
Yangian Constraints for su(2|2)( R
2 )
The third Yangian algebra we investigated with respect to its constraints on S-matrices is the Yangian corresponding to su(2|2) and its central extension su(2|2) R 2 , respectively.
Y [su(2|2)] and Y [su(2|2)
R 2 ] in the Evaluation Representation. We begin with a discussion of the Lie superalgebra su(2|2) on the basis of [20, 24] . It consists of the su (2) 
The remaining Lie brackets vanish. In order to obtain the correct S-matrix for the planar limit of N = 4 SYM we extend this algebra by two central charges P and K to su(2|2) R 2 [20] . These modify the anticommutators to
Demanding that (the total) P and K annihilate physical states constrains the eigenvalues of these operators and guarantees that the physical result is compatible with an su(2|2) invariance of the model. The fundamental representation of this algebra acts on two bosonic states |φ a and two fermionic states |ψ α with a, α = 1, 2. The su (2) 
In this representation the supersymmetry generators transform bosons into fermions and vice versa with coefficients a, b, c, d as
Via the anticommutation relations (4.36), the eigenvalues P and K of the central charges P and K are given by . The resulting algebra is relevant in the context of strongly correlated electron systems on a one-dimensional lattice, see [41] . In this model each site is a superposition of four possible electronic states and two of these are fermionic. There are no length-changing effects such that the undynamic representation with U = 1 becomes relevant and one may directly put P = K = 0 at each site with rapidity-independent coefficients a, b, c, d .
Dynamic case.
In the su(2|3) sector of N = 4 SYM the algebra su(2|2) appears as residual symmetry algebra of the excitations of the spin chain. In this sector the central charge C is associated to the integrable spin chain Hamiltonian and its eigenvalues are not constant as discussed above. This contradiction is resolved by the introduction of the additional generators P and K whose eigenvalues only have to vanish on physical states in order to guarantee the overall su(2|2) symmetry of the excitations. This setup implies that the one-magnon energy is given by [18] 
where α and β are constants satisfying
The product αβ = g 2 corresponds to the square of the coupling constant g of the model, i.e. C = ± (−1) 45) which takes care of the correct statistics when anticommuting fermionic particles and the fermionic operators Q α b and S a β . The abelian braiding operator U includes length-changing effects and can be set to 1 for conventional undynamic spin chains. The coproduct structure of the level-1 generators is given by
The action on longer states can be obtained from (4.44) by making use of (2.13) and incorporating all fermionic grading operators (−1) F and the braiding factors U. The representation of the Yangian Y [su(2|2)] without central extension can be obtained by setting the eigenvalues of P and K to 0 and that of U to 1.
Two-Particle Undynamic S-Matrix.
We begin the analysis of the constraints by looking at the two-particle undynamic case, i.e. we look for the S-matrix that maps as 47) with different sets of incoming and outgoing rapidities satisfying u 1 > u 2 and v 1 < v 2 . The level-0 constraints restrict this operator to be of the form
with ten coefficients A 12 , ..., L 12 . This ansatz generalizes the ansatz in Table 1 of [18] , where the rapidities are conserved v 1 = u 2 and v 2 = u 1 . The coefficients have to satisfy
and thus we conclude that the Yangian level-0 constraints fix the S-matrix up to two degrees of freedom corresponding to two Casimirs of su(2|2). Note that the construction of the Casimirs from a Killing form κ ab of the algebra is non-trivial since the latter vanishes, see [42] . The level-1 constraints further restrict the two-particle S-matrix via
(4.50) Thus the two-particle S-matrix simply permutes the Hilbert spaces of the particles as
This two-particle S-matrix satisfies the quantum Yang-Baxter equation (2.5) which we checked by explicit calculation.
Three-Particle Undynamic S-Matrix. We proceed with the three-particle S-matrix S 123 which denotes the map 
Four of the ten free coefficients in S 123 have to vanish and another five are related to the remaining single degree of freedom. The resulting S-matrix is fixed up to an overall factor and permutes the particles in a scattering event. By comparing the unique three-particle solution for the S-matrix with the product of three two-particle S-matrices as in (2.6), we find that it factorizes.
Two-Particle Dynamic S-Matrix. We now move on with the analysis of the dynamic constraints on S-matrices. The Y [su(2|2) R 2 ]-invariant two-particle S-matrix in its dynamic representation is the map
with u 1 > u 2 and v 1 < v 2 . The level-0 constraints (3.1) for the central charges C, P and K impose the following three relations including their eigenvalues C, P and K: 
). The parameter γ is associated to a relative rescaling between fermions ψ α and bosons φ a , while the constant α corresponds to a rescaling of the vacuum field Z. The condition (4.41) translates to (4.31) and the eigenvalues of the central charges using (4.39) and (4.40) are
Demanding cocommutativity of the coproduct leads to relations between the braiding factor U and the central charges P and K, see [24] . These are solved if the eigenvalue U of U satisfies
such that the momentum p and the parameters x ± satisfy (4.30). In these variables the rapidity can be expressed in terms of the new coordinates x ± as u = 1 2
These relations can be used to reformulate (4.55) for g, α = 0 as
It is evident that these equations are solved by
The first solution is inconsistent with a non-trivial scattering process for which we naturally impose u 1 > u 2 and v 1 < v 2 . The second corresponds to a scattering solution with the same sets of rapidities in the incoming and outgoing state. Proceeding with this solution by looking
shows that in this case the S-matrix has to be of the form given in (4.48), i.e. we continue with the same ansatz as in the undynamic case. It has ten degrees of freedom. Unlike in the undynamic case the remaining constraints fully constrain the two-particle S-matrix up to an overall factor. We obtain for the coefficients in (4.48)
(4.62) This is the well-known result for the su(2|2) R 2 -invariant two-particle S-matrix calculated in [18] .
Since the level-0 constraints completely determine this two-particle S-matrix there only remains the question whether this matrix is also Yangian-invariant. Checking the level-1 constraints explicitly using the coproduct structure in (4.46) shows that this is indeed the case. This was first shown in [24] . By numerical analysis, i.e. insertion of different real and complex values for x ± and g, we furthermore checked that the two-particle S-matrix satisfies the qYBE given in (2.5).
For a conserved set of rapidities, the S-matrix in (4.62) is the unique solution to the Yangian constraints. Analyzing the level-0 and -1 constraint equations for different sets of incoming and outgoing rapidities to check whether this is the only solution becomes untractable in Mathematica. We circumvent this problem by using the arguments of Section 2.4 for the function f (u, g) here given by the central charge eigenvalues in (4.57). In the context of N = 4 SYM theory the solutions x ± = x ± (u) of (4.31) take the form (4.32). Inserting this into (4.60) and expanding in the coupling constant g relates the incoming and outgoing rapidities at each order of the expansion. 16 Indeed, we find that the equalities (4.61) are the only possible solutions of the level-0 constraints imposed by the central charges. Thus the Yangian constraints corresponding to su(2|2) R 2 together with (4.32) imply a conservation of rapidities in two-particle scattering events. 16 This argument generalizes to models with a different rapidity map u(x) = x + ∞ r=3 αr(g) x r−2 characterized by model-specific functions α r , cf. [43] for a discussion of integrable long-range spin chains of this type. Note that for the case of the AdS/CFT S-matrix we have u(
Three-Particle Dynamic S-Matrix. The Y [su(2|2) R 2 ]-invariant three-particle S-matrix in its dynamic representation is the map
Similar to the two-particle case, the level-0 constraints of the central charges result in relations between their eigenvalues. Once more, we analyze these relations in the reparameterized form
Obviously, they are solved if the set of outgoing rapidities corresponds to the set of incoming rapidities. The case corresponding to the true three-particle scattering with u 1 > u 2 > u 3 and
In order to check whether there exist more solutions, we use (4.32) and expand in g. The first three orders restrict the outgoing rapidities to be equal to the incoming rapidities. Thus, the level-0 Yangian constraints corresponding to the central charges and (4.32) again imply the conservation of rapidities.
] restricts the three-particle S-matrix S 123 to be of the same form as in the discussion of the undynamic Yangian constraints in the previous section with 70 free coefficients. The remaining level-0 constraints reduce this number to 2. We did not do these calculations analytically due to the great amount of computational power needed, but evaluated the relations numerically by setting the x ± i and g to arbitrary values respecting (4.31) . Note that this number of degrees of freedom corresponds to the expectations from the discussion of the representation theory of this algebra, see [20, 23] . There it is shown that the tensor product of three one-particle states denoted by m = 0, n = 0, C with su(2) × su(2) Dynkin labels m and n and eigenvalues C = (C, P, K) of the central charges decomposes as
The bracket .. denotes a state from a long multiplet and {..} one from a short multiplet with
(n + m + 1) 2 . Since we found the three-particle su(2|2) R 2 -invariant S-matrix numerically, we proceed with a numerical analysis of the level-1 constraints of Y [su(2|2) R 2 ]. They are only fulfilled if the two remaining free coefficients are related to each other. This relation is the same for all the commutators such that we are left with a three-particle Smatrix that is determined up to an overall factor. We compared our numerical result with a product of three two-particle S-matrices and the equality of both expressions confirms that the three-particle S-matrix factorizes.
Note that the two-particle dynamic S-matrix reduces to the two-particle undynamic Smatrix in the limit where all eigenvalues U i of U and the γ i are set to 1 and the remaining ingredients in (4.62) are expanded in powers of the coupling constant g (with α = O(g)).
Notice that the number of degrees of freedom after exploiting the level-0 Yangian constraints differs both in the two-and three-particle case with Y [su(2|2) R 2 ] in the dynamic representation being more restrictive than Y [su(2|2)] in the undynamic representation. (4.68)
These formulae can also be used to derive the eigenvalues of B and C of u(1|1) from the eigenvalues of the su(2|2) generators. This close connection of both algebras allows us to derive the Y [u(1|1)]-invariant S-matrices discussed in the previous section from the su(2|2) results. We checked that both the undynamic and the dynamic two-particle S-matrices are compatible, which implies via consistent factorization that also the three-particle S-matrices agree in this limit. Let us summarize the results of this subsection. Using the Yangian constraints on Smatrices (plus relation (4.31) for the dynamic case) we found that the sets of rapidities in a two-and three-particle scattering event are conserved. We determined both the two-particle undynamic Y [su(2|2)]-and dynamic Y [su(2|2) R 2 ]-invariant S-matrix (4.48) with coefficients (4.49,4.50) and (4.62), respectively, up to the overall dressing factor. In the undynamic case we also determined the three-particle S-matrix explicitly and checked that it factorizes consistently into three two-particle S-matrices. In the dynamic case we checked the qYBE and factorization of the three-particle S-matrix numerically. While the resulting undynamic Smatrices are of difference form, the dynamic ones are not, since the Yangian coproduct does not have the standard structure used in the arguments above (3.6).
Conclusions and Future Directions
In this paper we have investigated the implications of Yangian symmetry on the three-particle S-matrix in two dimensions. To be explicit, we studied the three Yangian algebras Y [su(N )], Y [u(1|1)] and Y [su(2|2) R 2 ] and found that the resulting Yangian constraints imply factorization. In doing so, we partially employed numerical values for some of the parameters in order to solve the involved constraint equations depending on arbitrary coefficients, or functions of the rapidities, cf. Table 2 . Moreover, in the dynamic case we exploited the conservation of the rapidity dependent central charges in order to argue for the conservation of the set of rapidities.
Since Yangian symmetry and factorized scattering are just two different formulations of quantum integrability, the observed relation is not unexpected. However, due to the lack of a generic definition of integrability it is important to clarify this fundamental question, in particular in the context of the less explored dynamic representations motivated by the AdS/CFT duality. The tremendous recent progress on integrable bootstrap approaches towards AdS/CFT observables (see e.g. [44, 29, 45] ) underlines the need for better understanding the Yangian as their algebraic foundation.
Let us finish by pointing out some particularly interesting future directions. An important point would be to extend the analysis of this paper to noncompact representations. A direct application is to understand in which sense the Yangian symmetry for higher dimensional S-matrices implies factorization, e.g. for the Yangian symmetry of amplitudes in N = 4 SYM theory [9, 46] , in ABJM theory [11] or in the recently found fishnet theories [10] . This should help to clarify the question mark in Table 1 in the introduction.
As demonstrated above, conventional Yangian symmetry implies that the two-particle Smatrix only depends on the difference of rapidities. Hence, the conventional Yangian is tied to an underlying boost symmetry of the physical model, cf. e.g. [6] . On the other hand, the dynamic representations of AdS/CFT include non-trivial braiding factors which modify the standard Yangian constraints and imply that the S-matrix is not of difference form. It would be very interesting to understand whether there is an AdS/CFT generalization of the twodimensional Lorentz boost that shifts the spectral parameter of the model in analogy to the boost automorphism of the Yangian and what it tells us about the AdS/CFT quantum group. Recently, there has been very interesting progress into this direction that should further be explored [47] (see also the earlier works [48] ).
An important reformulation of quantum integrability in the language of gauge theories was recently proposed by Costello, Yamazaki and Witten [49] . This includes the conventional Yangian algebra representing rational solutions to the quantum Yang-Baxter equation. It would be very interesting to also understand how the dynamic representations considered in this paper embed into their formalism and to think about factorization from their point of view.
Finally, it would be important to provide a general proof that Yangian symmetry, in conventional or dynamic representations, implies factorization of the S-matrix. While desirable to mimic the beautiful intuitive arguments that are underlying the proof for local higher charges, it seems that nonlocal charges require more technical reasoning.
